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I. INTRODUCTION

Calculations in perturbative QCD quickly become extremely complicated as the
number of vertices increases in the Feynman diagrams. This occurs not only for loop
calculations but also for tree level calculations. The reasons for this are the increase
in the number of complicated three gluon vertices of QCD and the unphysical
degrees of freedom which must be removed from the external particles in physical
processes, Consider the amplitude for scattering of two gluons into three gluoms.
At the tree level, there are 25 Feynman diagrams contributing to this process, with
each diagram giving ~ 6% terms. Thus, the amplitude involves thousands of terms
which must be squared and then summed over the physical polarizations of the

gluons. Such a calculation is only tractable using algebraic manipulation prograrms.

In this paper, I show how N=2 supersymmetry’? can be used to make such
calculations considerably simpler. This is achieved by relating the gluon amplitudes
to amplitudes involving scalar particles which have fewer three gluon vertices and, of
course, scalar particles have no unphysical degrees of freedom. Using this idea, the
matrix element is calculated for many four and five particle processes. In particular,
the two gluon to three gluon amplitude is given in only six terms compared to the

thousands using standard techiques. Finally, the two gluon to four gluon amplitude
is discussed.

II. SUPERSYMMMETRY REVISITED

The particle content of N=2 Yang-Mills theories, consists of a gluon, two species
of gluino and a compiex scalar. On the mass shell, the gluon and each gluino
have two helicities (+1) and the complex scalar also has two degrees of freedom,
which for convenience will be refered to as helicity (+1). To relate the creation or
annihilation operators for these particles, two hermitan operators are formed from
the usual generators of N=2 supersymmetry, Q%, as follows

Q%(n) =7"Qq (1)

where 7 is an arbitrary Majorana spinor. The commutation relations for this Q%(n)
with the anmnihilation operators for the gluon (g:), the gluinos (A1,)%) and the
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scalars (¢} are

Q% g:] = FT= AL
[Q%, M) = FIF 6% F (T e"gy
Q% ¢+] = £ 1{TFe?A) (2)
where
I (p,n) = (T~ (p,n))" = V2E(n1cos10e®/? + nzsin18e'%) (3)

if the representations for the momentum, p, and » are
p = E(1, sinfcosf , sinfsin , cost) (4)
m o= (m+n;, —ni+n2, ~m+n;, —n M) (5)
Here, 1, and n; are just arbitrary complex numbers.

These commutation relationships can be used to find relationships between dif-
ferent processes in this theory. Consider the scattering of m particles into n particles.
If supersymmetry is unbroken, Q%(n)|vac >= 0, then the following identity holds
for the creation and annihilation operators of these particles,

0 = <wvac|[Q%, Gmii---Gmnal -..al,] lvac >

= <vae| |Q%, Gmi1)@m+2 e Ominal ...al lvae > + ...
+ < vac] Gmir . Cman|@®, al]a) ...l jvac > + L. (8)

This equation contains relationships between various processes which are exact for
N=2 Yang-Mills theories but only hold to tree level in QCD. One can see this by

comparing the Feynman diagrams for both theories at tree level or by appealing to
R symmetry.

III. TWO TO TWO PROCESSES

The first process I consider is the scattering of two gluons into two giuons. The

commutator of Q¢ with g4_g3_g;+)\{+ leads to the following equation
IT < ga-ga-g3r0ls | > + T3 <|ge-ga-Mh Ay | >

+ T3 <| g4~’\3—9;+)‘;+ | > + Ty < )‘4-93—9;+)\;+ (> = 0 (7)
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where I'T = I‘i{p;,n). Remember, I'* depends on 77,72 and I'™ on 7}, n; and since

each of these is arbitrary, eqn(7) is really four equations. One of these is simply

< | gs-g3-93 .91+ | > = 0. (8)
Similar manipulations also lead to

<| g4-gs+9349is | > = O. (9)

Finally, all the nonzero helicity amplitudes for this process can be obtained by

crossings from

M(91+s5’2+;9’3+194+) = EMI”‘M()\H,I\H;f\3+,)\4+)
= e M(P1+, Orti D3ty Pat ) (10)

The phase factor %125« accounts for the different spin statistics properties of the

gluons and gluinos whereas e'¥ is an overall phase factor and is irrelevant.

This result is now used to calculate the cross section for gluon gluon scattering
using the N=2 Yang-Mills Lagrangian.

1 (] a Y a a
L = —ZFWF W (D,¢)* (D" )
1 + -
——-z—gz(f““qb"’gﬁﬂ')(f"d‘d)d‘gbg) + fermion terms. (11)
Scalar scalar scattering in this theory is very simple and it is easily shown that
2 {1-2)
M(Pr4,b245 03+, 044) = —219° friz fraa (1—-57 + (3 & 4) (12)
where (¢-7) = (p;-p;). After squaring, and suitably summing and averaging over

helicity and color, the well known result is obtained

494 N?
|Mgg—'§§12 = -(—EVT_——]-T {3 - St/u2 - tu/Sz - u-‘;/tz] (13)

where 5, t and u are the Mandelstam variables.

The next process to consider is gluino gluino production by gluon gluon fusion.
Taking the commnutator of Q2 with g4+g3+g§+,\l+, gives

TV < | gasg3+95:0iv i > — T5 < | gargar A AL 1>

. + Es
=TT < gaedaagisMe [ > =TT <1 Mpgaegli Al |> = 0.
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The I'* terms give two equations in three unknowns, hence
(1-9)
(3-4)

Again, after squaring and suitably summing and avervaging over helicity and color,
gives the following

IM{A14: 9245 A3, 044)] = \] | M(g1+4,92+3 93+, Gas) |- (15)

4 7012

2 . _9
|MW—"AA| (N2 . 1)

This agrees with DEQ? for a massless gluino.

(tu(t? + u?)(s? + * + u?)/s*th?. (16)

IV. TWO TO THREE PROCESSES

For the scattering of two gluons into three gluons, all helicity amplitudes are cross-

ings of M{g1+,92+;93+,94+,95+) OT are zero to tree level. Once again supersymmetry
can be used to relate this amplitude to an amplitude involving scalars,

|IM(914, 9243 932, Gars g54)| = (1+2)F(4-5)7 | M(d14, 243 gats basr B5+ )| (17)

The evaluation of the scalar amplitude is quite simple if one uses the polarization
tensors, €,(p3, Pm) , of Xu, Zhang and Chang,! where
<m:n><3:in>

\/f <m:3>
where p3 is the gluon momentum , p,, is the reference momentumand < m:n > is
the spinor inner product of the two momenta p,, and p,. The only property of this
product which is of interest to us here is

€uPh = (18)

<m:n>'}<m:n>= 2(m-n) (19)

The result for the scalar matrix element is

M(d1+, P24 g3+ Patr Pog) ~

<1:2><4:5>
<1:3><3:4><2:5>
<1:2><4:5>
<2:3><3:0><1:4>
<1:2>%<4:5>
<1:3><2:3><1:4><2:5>
+ {4 & 5) (20)

lev f3y4 fz25

+ fa2y Fays fuia

+ sz fy25 f3yz
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and eqn{17) can be used to get the purely gluonic matrix element. Note the simpiic-
ity of this expression! There are six independent color factors for this process and
six terms in the final result. The linear independence of the color factors implies

that each term is gauge independent and therefore each term can be evaluated with

a different {convenient) reference momentum.

The third and sixth terms in this expression are the only complications, a part
from the color factors, caused by the non-abelian nature of the gluon. The rest is
just scalar QED. Also, all denominators are, up to a phase factors, square roots of
poles. Therefore the required cancellation of all double poles® for the purely gluonic

matrix element squared has been achieved at the matrix element level!

The square of this expression is easy obtained and after summing over color
indices gives

1
M 14+ 92+5 93+, +9 + 2 ~ * * 2
M1+, 9243 g3+, Gasr I54) | (1-2) ; 1-2)(2-3)(3-4){4-5)(5 - 1) (21)

where T p is the sum over all permutations of 1 ... 5. After the appropriate sum
and average of helicity and color, the final expression is
6 Ar3
~-g°N 4 1
—_— 1-2 . 22
240(N? — 1)[5;:( ) @ (1-2)(2-3){3-4)(4-5)(5- 1) (22)

]Mw—*gw] =

Again the power of this method can be demonstrated by relating this result to
that of the process of two gluons scattering into two massless gluinos and a gluon.

The appropriate relationships can be obtained as before,

(3-4)

IM(91+sQ‘2+;r\3—,g4+a)\5+)i = ‘(‘1—5‘3‘ |M(Ql+,92+;93ﬂg4+195+)| (23)
(2-3)
IM(g14+,92-3 Aasy Aucy g54)| = W IM(914,92—; 934> Ga—s g5+ )|- (24)
The final result for this process is
Mgg—orr? = ﬂl{[(l-4)3(1-5) +(1le2) + (1e3)] + (4<5)]
e 20(N? — 1)

2 : (25)

7 (1-2)(2-3}(3-4)(4-5)(5-1)

An interested reader can now enjoy calculating | Mji—ga2|? in a similar manner.
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V. TWO TO FOUR PROCESSES

In this section I consider the two gluon to four gluon process. Here I define all

helicities as if all particles are incoming. Once again supersymmetry can be used
to show that to tree level

IM(91—392—393«-,94-595—:gG—)l == 0: (26)

|M(91~,92—,93—,94—,95—3964-)! = 0, {27)
S

IM(Qi—igz—193—,94—1gs+196+]1 = :sE IM(91—1¢2~5¢3—ag4—s¢'5+1¢’6+)[:(28)
23

and

IM(g1-> 92—, 93—, Gasr G54+ G4 )| =

[(312 + S23 + 513)2M(91—,¢2—a¢3—,94+3 ¢5+,¢6+)
323558

~ 2iy/=3s14(812 + 523 + s13) (Pf + P§ — ipY — iPE) M(A1-, b2, ba— Aus, P5, Bt
. 314(?; +ps — g — ng)zM(fﬁl—,ﬁi’z—, $3-, Pat s Pots Pot) |
(29)

where this last equation is given in the center of mass frame of particles 1 and 4.
Unfortunately, a compact analytical result for this process has not yet been obtained
but fast numerical programs® have been written which allow both experimentialists
and theorists to study this process. It is worth noting that various checks can

be applied to these programs especially permutation symmetry and the absence of
double poles when two momenta are made parallel.

Methods similar to that used in the two to three gluonic process might lead to a

simple expression for the amplitude which can then be squared without producing
an enormous number of terms.

VI. DISCUSSIONS

The use of supersymmetry is a powerful too! in reducing the complicated caleu-
lations required when dealing with gluons in perturbative QCD. There are many

areas one could extent the basic ideas of this paper. Can one include quarks into
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this scheme? Yes.>" Are higher order calculations simplified by using the supersym-
metry relations and subtracting out the extra graphs not found in ordinary QCD?
What happens if you include masses which do not break supersymmetry? If they do

break supersymmetry? How about extenting these ideas to the complete standard
model.

My collaborator, Tom Taylor, deserves special thanks for many discusions on
the subject of this talk. I would also like to take this opportunity to thank my
hosts, colleagues and friends in China for a very fruitful and stimulating visit to
their magnificent country.

References

[1] M. T. Grisaru, H. N. Pendleton and P. van Nieuwenhuizen, Phys. Rev. D15,
997 (1977);

M. T. Grisaru and H. N. Pendleton, Nucl. Phys. B124, 81 (1977).
[2]  S.J.Parke and T. R. Taylor Phys. Lett. 157B, 81 (1985).
(3]  S. Dawson, E. Eichten and C. Quigg, Phys. Rev. D31, 1581 (1985).

[4] Z. Xu, D.-H. Zhang and L. Chang, Tsinghua University Preprints TUTP-
84/3, 84/4, 84/5.

[5] G. Altarelli and G. Parisi, Nucl. Phys. B128, 298 (1977).

6] S.J. Parke and T. R. Taylor, Fermilab Preprint Pub-85/118-T;
Z. Kunszt, CERN Preprint TH-4319 (1985).

(7] S.J. Parke and T. R. Taylor, Fermilab Preprint Pub-85/162-T.



